Let Σ denotes the class of bi-univalent functions in D = {z ∈ C : |z| < 1}. In this paper, we consider two subclasses of Σ defined in the open unit disk D which are denoted by G Σ (α) and G Σ * (α). Besides, we find upper bounds for the second and third coefficients for functions in these subclasses.
Introduction
Let A be a class of functions of the form f (z) = z + ∞ n=2 a n z n (1) which are analytic in the open unit disc D = {z ∈ C : |z| < 1}. Also, let S denote a subclass of all functions in A which are univalent in D.
The Koebe one-quarter theorem ( [1] ) ensures that the image of the unit disk D under every function f ∈ S contains a disk of radius 1 4 . Thus, every function f ∈ S has an inverse f −1 defined by
and f (f −1 (w)) = w, (|w| < r o (f ); r 0 (f ) ≤
where
A function f ∈ A is said to be bi-univalent in D if both f and f −1 are univalent in D. Let Σ denote the class of bi-univalent functions in D.
Recently, Azizi et al. [1] , Srivastava et al. [4] and Caglar et al. [2] have introduced and have investigated various subclasses of bi-univalent functions and found estimates on the coefficients |a 2 | and |a 3 | for functions in these classes. In this paper we introduce two subclasses G Σ (α) and G Σ * (α) of bi-univalent functions and obtain estimates on the coefficients |a 2 | and |a 3 | for functions in these subclasses.
Preliminary and Notations
In order to derive our main results, we need the following lemma.
Definition 2.1 A function f (z) ∈ Σ given by (1) is said to be in class G Σ (α) if the following conditions are satisfied:
and
Definition 2.2 A function f (z) ∈ Σ given by (1) is said to be in class G Σ * (α) if the following conditions are satisfied:
3 Main Sections Theorem 3.1 Let f given by (1) be in the class G Σ * (α). Then
Proof. It follows from (2) and (3) that exist p, q ∈ P and such that
by suitably comparing coefficients in (8) and (9), we get
Now, considering (10) and (12), we obtain
also from (11) and (13), we obtain 2(4α + 1)a
Therefore, from (15) and (16), we obtain
respectively and applying Lemma 2.1, we obtain
If we compare the right sides of (17) and (18), we obtain desired estimate on |a 2 | as asserted in (6). Next, in order to find the bound on |a 3 |, by subtracting (13) from (11), we obtain
which, by substitution of the value a 2 2 from (15), yields
Applying Lemma 2.1 for (20), we have
On the other hand, by using (16) in (19), we obtain
and applying Lemma 2.1 for (22), we get
By comparing the right sides of (21) and (23), we obtain desired estimate on |a 3 | as asserted in (7). The proof of Theorem 3.1 is completed.
By using the similar approach as Theorem 3.1, we obtain the following result for functions f ∈ G Σ * (α).
Theorem 3.2 Let f given by (1) be in the class G Σ * (α). Then
Proof. It follows from (4) and (5) that exist p, q ∈ P and such that
(αw
where (26) and (27), we get
Now, considering (28) and (30), we obtain
also from (29) and (31), we find that
Therefore, from (33) and (34), we obtain
If we compare the right sides of (35) and (36), we obtain desired estimate on |a 2 | as asserted in (24). Next, in order to find the bound on |a 3 |, by subtracting (31) from (29), we obtain 12(3α + 1)a 3 − 12(3α + 1)a
which, by substitution of the value a 
On the other hand, by using (34) in (37), we obtain a 3 = p 2 + q 2 4(5α + 1) + p 2 − q 2 12(3α + 1)
and applying Lemma 2.1 for (40), we get |a 3 | ≤ 1 5α + 1 + 1 3(3α + 1)
.
By comparing the right sides of (38) and (40), we obtain desired estimate on |a 3 | as asserted in (25). The proof of Theorem 3.2 is completed.
